Homework 4
Due: Feb 16th (Wednesday class)

e Please make sure your handwriting is clear enough to read. Thanks.
e No late work will be accepted.

(1) Find HK in Z35, if H = ([3]) and K = ([5]).
|Z1s| = ¢(16) = 8; H = ([3]) = {[1], [3], [9], (1]} and K" = ([5]) = {[1], [5], [9], [13]}
HE = Zjs = {[1], [3], [5], [7], [9], [11], [13], [15]}.
(2) Find the order of the element ([9]12, [15]15) in the group Zis X Zs.
0([912) = o([=3]12) = 0([3]12) = 4in Zy3 and o([15}15) = o([=3]1s) = o([3]1s) =
6 in Zis. Thus, o(([9]12, [15]13)) = leml[4, 6] = 12.

(3) Prove that if G; and G5 are abelian groups, then the direct product G; x Gy
is abelian.
(Assume that (G, *) and (Gs,-) are abelian groups.)
For any two elements (a1, as), (by,b2) € G7 x G, we have

(a1,a2) (b1, ba) = (a1 * by, ag - by) = (by * a1, by - az) = (b1, b2)(a1, az).
(4) Construct an abelian group of order 12 that is not cyclic.
Zy x Zg is abelian by Question (3). Since (2,6) = 2 # 1, it is not cyclic. Here,
we use the fact that Z,, x Z,, is cyclic if and only if (n,m) = 1.

(5) Construct a group of order 12 that is not abelian.
Z,x S5 is not abelian since Sy is not abelian. For example, ([0], (123))([0], (12)) =

([0], (13)), but ([0], (12))([0], (123)) = ([0], (23)).

(6) Let G; and G5 be groups, with subgroups H; and H,, respectively. Show that
{(.271,.1'2) ‘ xr1 € Hl,ZL'Q < HQ}
is a subgroup of the direct product G; x Gs.
Let (G1,*) and (Ga,-) be groups and let S = {(x1,22) | 21 € Hy, 29 € Ho}.

(i) For (z1,22), (y1,12) € S, we have (z1,22)(y1,y2) = (1 * X2, 41 - Y2) € S
since Hy and H, are the subgroups of G; and G, respectively.

(ii) The identity element e = (e, e2) € S, where e; is the identity element of
H; (and also of G;) for i =1, 2.

(iii) Inverses: (z1,2)"' = (z7%,25") € S. (Easy to check)



(7) Let G1 and Gy be groups, and let G be the direct product G; x Gs. Let
H = {(1'1,1‘2) € GixGy | Lo = 62} and let K = {(l‘l,xg) € GixGy | xrp = 61}.

(a) Show that H and K are subgroups of G.

We will show H is a subgroup of G and the proof for K should be similar.
(i) (x1,e2), (v1,€2) € H, we have (21, €2)(y1,€2) = (x1 *y1,62-€2) € H.
(ii) The identity element (e, es) € H.

(iii) For (zy,ey) € H, its inverse is (v, e5) € H.

(b) Show that HK = KH = G.

HK = KH: For any element (x,e2) € H and any element (e;,z3) € K,
we have

=(x1 * €1, e - 352)
(21,22) €
(

€1 %21, T+ 62)

(21, €2)(e1, 72)

2(61@2)(%1, 62)-
HK C G: 1t is clear from above computation.

G C HK: For any element (x1,25) € G for x; € G; and x5 € G4, we can
write it as (x1,22) = (21 *x €1, e - x9) = (21, €2)(€1, x2), which is in HK.

(c) Show that H N K = {(e1,ea)}.
{(e1,e2)} € HN K: By definition, we have (e1,e3) € H and (e, e3) € K.
HnN K C{(e1,e)}: For any element (z1,2,) € H N K, we have

(x1,29) € H = 29 = €9
(x1,22) € K = 11 = €1

(8) Let F be a field, and let H be the subset of GLy(F') consisting of all invertible
upper triangular matrices. Show that H is a subgroup of GLy(F).

= (z1,22) = (€1, €2).

a1 b , oz b € H. In particular, a;d; # 0, asds # 0. Then
0 dy 0 dy

ay bl a9 b2 _|aiasg a1b2+b1d2
[o cleo dz]_{ 0 did, }GH'

This is because the determinant of the product is ajasdids # 0

(i) Let

(ii) The identity matrix I = {(1) (1)} € H.
a b T . |1/a —b/(ad)
(iii) For any element lo d} € H, its inverse is [ 0 1/d € H.



