Math 546 /7011—Exam I

Instructor: Shaoyun Yi Name:

(1) [15 pts] Let S={z € R |z # 3}. Define % on S by
a*xb=12—3a — 3b+ ab.
Prove that (S, %) is a group.
(i) Closure: We need to show a b € S for any a,b € S. That is, we need to show

a x b # 3 for any real numbers a # 3,b # 3.
axb=12—3a—3b+ab=3+ (3—a)(3—0b) # 3 since (3—a)(3—0) #0. vV

(ii) Associativity: For any a,b,c € S, we need to show (a*b) xc = ax (bx*c).
(axb)*xc=(12—3a—3b+ab) xc
=12 — 3(12 — 3a — 3b + ab) — 3¢ + (12 — 3a — 3b + ab)c
= —24+9a + 9b + 9c — 3ab — 3ac — 3bc + abc
a* (bxc)=ax (12 —3b— 3c+ bc)
=12 —3a — 3(12 — 3b — 3¢+ bc) + a(12 — 3b — 3¢ + be)
=—24+9a+ 9b + 9c — 3bc — 3ab — 3ac + abe

(iii) Identity: The identity element e = 4.
ax4=12—-3a—-12+4a=aand 4*a =12 — 12 — 3a + 4a = a.
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(iv) Inverses: The inverse of a is “ = 3. It is well defined since a # 3.
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(2) (a) [6 pts] Find the cyclic subgroup of Sg generated by the element (135)(68).

Using the property that the disjoint cycles commute with each other makes your
calculations simpler. Note that the order of (135)(68) is lem[3, 2] = 6.

((135)(68))* =(135)%(68)* = (153)
((135)(68))* =(153)(135)(68) = (68
((135)(68))* =(68)(135)(68) = (135)(68)*
((135)(68))° =(135)(135)(68) = (153)(68)
((135)(68))° =(153)(68)(135)(68) = (153)(135)(68)(68) = (1)

Thus, the cyclic subgroup of Sg generated by the element (135)(68) is
((135)(68)) = {(1), (135), (153), (68), (135)(68), (153)(68)}.

(135)

(b) [6 pts] Find a subgroup H of Sg that contains 15 elements.

You do not have to list all of the elements in H. Just prove it. That is,

Prove that H (the one you find) is a subgroup of order 15 in Ss.
As we know that the order of a product of disjoint cycles is the least common
multiple of their lengths, then the element (12345)(678) is a desired example since

lem(3, 5] = 15. In particular, let H = ((12345)(678)). Since the cyclic subgroup H
is generated by (12345)(678), thus |H| = [((12345)(678))| = 0((12345)(678)) = 15.



(3) [12 pts] Let G be a group and the center of G is defined as
Z ={x € G|xg=gaxforall g € G}.
Note: We have already showed that Z is a subgroup of G in Homework 3 (8).
Let H be a subgroup of GG. Prove that the set
HZ ={hz|he H,z€ Z}

is a subgroup of G.

(i) Closure: For hyzy, hozo € HZ, we need to show that (hyz1)(heze) € HZ.

(h121)(hoz2) = ((h1z1)h2)ze = (h1(21h2))20 = (hi(hez1))z2 = (hihg)(2122)v

In the above calculation, = holds by the definition of Z.
(h1z1)(haza) = (h1h2)(2122) € HZ since H and Z are subgroups of G.

(ii) Identity: The identity element e € HZ since e = ee € HZ.
(iii) Inverses: For any element hz € HZ, its inverse is h™'27' € HZ.
(hz)(h"127Y) = hah™ 12! = h(zh™)27! = h(h12)z7t = (hh~V)(227Y) =€
(hlz7Y)(hz) = ht2the = hL (2 h)z = ht(he Yz = (A h) (2 12) = e
Or, in G, we have (hz)™! = 27'h=!. So for hz € HZ, we have (hz)™! =
IRl 2 plyl € HZ. Here we see 2! € Z since Z is a subgroup.

Another way: It is clear that h~'zh = h™'hz = 2 € Z for all h € H and 2 € Z.
Thus HZ is a subgroup of G.



(4) (a) [5 ptS] What is the order of ([15]20, [20]24) in Z20 X Z24?

o([15]20) = 0([=5]20) = 4 and 0([20]24) = 0([=4]24) = 6.
Thus, the order of ([15]a9, [20]24) is lem[4, 6] = 12.

(b) [8 pts] What is the largest order of an element in Zgy X Zgy?
And then use your answer to show that Zsyy X Zo4 is not cyclic.
In Zsg, the possible orders are 1,2,4,5,10, and 20.
In Zs,, the possible orders are 1,2,3,4,6,8,12, and 24.
The largest possible least common multiple we can have is lem[20, 24] = 120.

So there is no element of order |Zsg X Zgy| = 480 and the group is not cyclic.
Another way to see that Zsy X Zoy4 is not cyclic since ged(20,24) # 1.

(c) [8 pts] Let G = Zj, x Zj,. Let H = ((3,7)) and K = ((7,7)). Find HK in G.

Here, (3,7) means ([3]10, [T]10). Use this simplified notations in your answer.
=(3,7) ={B, 7" meZ} ={(1,1),(3,7),(9,9),(7,3)} has order 4
<(7, 7)) =A{(7, )m meZ}={(1,1),(7,7), (9, 9),(3,3)} has order 4

={(1,1), (3, )7 (9,9),(7,3), (1, 9), (9,1),(3,3),(7,7)} has order 8 =4 -4/2



