Homework 2

Due: May 19th (Wednesday), 11:59 pm

Please submit your work on Blackboard.

You are required to submit your work as a single pdf.

Please make sure your handwriting is clear enough to read. Thanks.

No late work will be accepted.

e There are five randomly picked questions (2 pts for each) that will be graded.

(2), (4), (9), (7), (8)

From now on, we refer to four axioms of the definition of a group as follows.
(i)4>“Closure”, (ii)<> “Associativity”, (iii)«> “Identity”, (iv)<«> “Inverses”.

(1) For each binary operation  defined on a set below, determine whether or not
* gives a group structure on the set. If it is not a group, say which axioms
fail to hold.

(a) Define * on Z by a * b = max{a,b}. Not a group, (iii) fails'
(b) Define * on Z by axb=a —b. Not a group, (ii), (iii) fail
(c) Define x on Z by a*xb = |ab]. Not a group, (iii) fails

(d) Define * on R* by a*b = ab. Yes

(2) Let (G,-) be a group. Define a new binary operation * on G by the formula
axb=">b-a,forall a,b € G.
(a) Show that (G, ) is a group.

(i) axb=1>b-a € G since (G,-) is a group.
(ii) (a*b)*c:(b~a)*c:c-(b-a);(c-b)-a:(b*c)-a:a*(b*c)
Note that = is true since (G,-) is a group.

(iii) The identity element e, which is the same identity element e for -.
axe=c-a=a and exa=a-e=a.
Again, = is true since (G,-) is a group.
(iv) For each a, the inverse is a™', which is the same one w.r.t. (G,-).
! lig=e and alxa=a-al=e.

axa - =a

(b) Give examples to show that (G, ) may or may not be the same as (G, -).
If (G, %) is the same as (G, -), this just means axb=a-b=b-a=a-b
for all a,b € G. Since they have the same identity element and the same
inverses from above discussion. Thus, (G, %) is the same as (G, -) if and
only if b-a=a-0bforall a,b € G, ie., (G,-) is an abelian group.
Example of a nonabelian group: GL,(R) under matrix multiplication.
Example of an abelian group: Z under ordinary addition.

(3) Write out the multiplication table for Z~.

LJust note that if (iii) fails, so does (iv).
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(4) Let G = {z € R | x > 0 and  # 1}. Define the operation * on G by
axb=a" for all a,b € G. Prove that G is an abelian group under the
operation .

(i) a*b=a™" >0 and a™® # 1 since Inb # 0 for b € G.
(11) (CL * b) % Cc = alnb e (alnb)lnc N alnblnc _ alnclnb

ax (bxc)=ax () =a"0") = ghnelnd — (45 b xc v

Inb _ eln(alnb) _ elnblna Inalnb _ eln(bh’“) _A blna =bxa

Commutative: a x b = a =e
(iii) Identity element is the natural number e. In particular,
axe=a""=a'=a and exa=e""=aq.
It suffices to just check e x a = a since e * a = a *x e by communicativity.
(iv) For each a € G, the inverse is e'/"¢, In particular,
a % el/lna _ aln(el/l’l“) _ a(l/lna)lne — al/lna e alne/lna — alogg —e
e1/1110L - (el/lna)lna — 6(1/lna)lna —el —p

Again, by communicativity it suffices to just check e/ x ¢ = e.
5) Show that the set of all 2 x 2 matrices over R of the form | b with m #£ 0
0 1

forms a group under matrix multiplication. Furthermore, find all elements

that commute with [g (1)] in this group.
(i) For nonzero my,my € R and by, by € R,
mq b1 |:m2 b2:| o |:m1m2 m1b2+b1
0O 1(]0 1 0 1
(ii) Matrix multiplication is associative.
(ili) The identity matrix.

(iv) For [m ﬂ with m # 0, the inverse is F/m —b/m} :

} , where mymsy # 0.

0 0 1
For the second part,

m bl |2 0] |2 0 mb:>m2:2m L h—0
o 1|0 1| " |o 1]]0 1 b=2b B

Thus, all elements { {m } ‘m #+ 0} are the required ones.

0
0 1
(6) Define * on R by a*b=a+b—1, for all a,b € R. Show that (R, x*) is an
abelian group.

(i) Trivial.



(ii) (axb)*xc=(a+b—1)xc=a+b—14+c—1
ax(bxc)=ax(b+c—1)=a+b+c—1-1
Commutative: axb=a+b—-1=b+a—1=bx*a.
(iii) Identity is 1. By commutativity, we only need to check one equation.
axl=a+1—1=aforall a € R.
(iv) For each a € R, its inverse is 2 — a.
ax(2—a)=a+2—-a—-1=1
The other equation follows from the commutativity.

(7) Let G be a group. Prove that G is abelian if and only if (ab)™' = a~'b7! for
all a,b € G.
(=) Since G is abelian, then (ab)™' =b"ta™! =a b7
(<) (ab)t=at = ((ab) ™)t =(a b ) = ab=(b"")"a)t =ba

(8) Let G be a group. Prove that if 2% = e for all x € G, then G is abelian.
Since 22 = e for all x € G, then x = 7. In particular, we also have
(zy)? = e for all z,y € G. Thus zy = (xy)~! =y lo~! = yz.
(9)* Show that if G is a finite group with an even number of elements, then there
must exist an element a € G with a # e such that a® = e.

Question (9)* is only for the students who are in Math 7011.

Suppose a? # e, then a # a~!. Since G is a group, any such pair of elements
{a,a7! | @ # ¢}
are also in the G. However e? = e, then there must exist at least one element

b € G with b # e such that b*> = e. Otherwise, if no such element b exists,
then this finite group G' has an odd number of elements. Contradiction.



