Exam I Review

Except part V, all the other parts come from the review in each lecture slide.

L @ (a, b) & [a,b] --» (a, b) - [a,b]‘: qb

(iii
(iv ( )—1<:>am+bn—1forsomemnez
If b|ac and (a,b) =1 = b|c
a=b (mod n) < nl(a—b) < a=b+qgn < [a], = [b],
(vii) If ac = ad (mod n) and (a,n) =1 (i.e,, a € Z)) = c=d (mod n)
(viii) Divisor of zero v.s. Unit (Cancellation law v') in Z,

(ix) Linear congruence ax = b (mod n) has a solution < (a,n)|b

For [a] € Z, find [a]™*

(1) the Euchdean algorithm (2) successive powers (3) trial and error
(xii) Euler’s totient function ¢p(n) = #{a: (a,n) = 1,1 < a < n} = #|Z]

(xiii) Euler’s theorem --+ Fermat’s “little” theorem

i) Closure «w x
L () Group (G, { ) Awochtviy = (F
iii) Identity: Uniqueness by Associativity
iv) Inverses: Uniqueness by Associativity
€g. (RX7 ')7 (Sym(S), O)? (Mn(R)7 +matrix)> (GLn(R)> 'matrix)
(ii) Cancellation law
(iii) Abelian group: eg. (Z,+), (Zy,+11), (Z), 1)
(iv) Finite group (order) v.s. Infinite group
)

(

v) Conjugacy: = ~ y if y = aza™' ~~ Equivalence relation

Closure
IV. (i) Subgroup H: < Identity  (no worry about associativity)
Inverses

e Alternative way: H is nonempty and ab=! € H for all a,b € H
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o If H is finite, then H is nonempty and ab € H for all a,b € H
eceg: ZCQCRCC;R"CR*;nZCZ;SL,(R) C GL,(R).
(ii) Cyeclic subgroup (a) is the smallest subgroup of G containing a € G.
e.g.: (i) CC* & (2i) C C*; ((123)) C S3 & ((12)) C Ss.
(ili) G is cyclic if G = (a).
eg: Z, Z,, Z;. noteg.: ZS, Ss.
(iv) o(a) = |(a)]. If o(a) = n is finite, then a* = e < nlk.
(v) Lagrange’s Theorem: If |G| =n < oo and H C G, then |H| | n.
e o(a)|n for any a € G. ~» a™ = e --» Euler’s theorem
e Any group of prime order is cyclic (and so abelian).
~ Any group of order 2, 3, or 5 must be cyclic.

V. (i) Groups of order 4 are abelian: cyclic [Z4] vs. non-cyclic [Z{]
(ii) Groups of order 6: abelian (cyclic) [Zg| vs. nonabelian [Ss]
(iii) Product of two subgroups: H K is not always a subgroup of G.
If h~'kh € K for all h € H and k € K, then HK is a subgroup of G.
(iv) If G is abelian, then the product of any two subgroups is again a subgroup.
[aZ + bZ = (a,b)Z)]
(v) If G is a finite group, then |HK| = |H||K|/|H N K]|.
(vi) Direct product of two groups: G1x Gy is a group under a new defined operation.
(vil) o((a1,as)) = lemlo(ay), oas)]
(viii) If Gy, Go are finite groups, then |G} X Gs| = |G| - |Gal.
(ix) Zy, X Z,, is cyclic if and only if ged(n,m) = 1.
(x) Subgroup generated by S: (S) is the smallest subgroup that contains S.
(xi) Definition of a field and New groups defined over a filed F. [Z,; GL,(F)]

Other resources for review: Your class notes & Lecture Slides/Recordings & Homework

Good luck for the test!



