§ 11.2: Calculus with Parametric Curves

A parametrised curve z = f(t) and y = g(t) is differentiable at t if f(¢) and g(¢) are
differentiable at t. At a point on a differentiable parametrised curve where y is also a

differentiable function of x, the derivatives dy/dt, dx/dt and dy/dx are related by the

) dy dy dx
Ch Rule: —2=-2.—.
RS T A dt
; dy . . dx
Parametric Formula for —=: If all three derivatives exist and o # 0, then
x
@ _ dy/dt
dr  dv/dt
d- Py d dy'/dt
Parametric Formula for dag: Further we have dny = %(y’) — di // p

if y is a twice-differentiable function of x.

Example 1: Find the tangent to the curve z = sec(t), y = tan(t), —;T <t< ;T,

at the point (y/2,1), where t = Z
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Example 2: Find d:g as a function of tif v =t —t?> and y =t — 3.
x
Example 3: Find the area enclosed by the astroid 1

r =cos’(t), y=sin®(t), 0<t<2m.
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Let C be a curve given parametrically by the equations
I':f(t), y:g(t)7 a<t<b.

Assume that f(¢) and ¢(t) are continuously differentiable on the interval [a, b]. And
assume that the derivatives f'(t) and ¢'(t) are not simultaneously zero, which prevents
the curve C' from having any corners or cusps. Such a curve is called a smooth curve.

The length of C is the definite integral

L= [FOr+ora

Py = (f(tr), 9(tr))
(f(te-1),9(tk-1)) = Pr

Proof: The length of the curve from A to B is approximated by the sum of the lengths
of the polygonal path (straight line segments) starting at A = Py, then to P; and so
on, ending at B = P,.

The arc P,_1 Py is approximated by the straight line segment, which has length

L= () + (Au)® = [£(t) — F(te0) + lg(te) — g(te1)P
We know by the Mean Value Theorem there exist numbers ¢;, and ¢;;* that satisfy

f’(t;;) _ f(tk> ;t-};(tkl) and g/(t;;*) _ g(tk) ;tg:tkl)’

thus the above becomes L = If/(t)]2 + [¢' (7)) Aty Summing up each line

segment we obtain an approximation for the length L of the curve C

Lméu:iﬂﬂmwmmwmw

k=1

We obtain the desired exact value of L by taking a limit of this sum.
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Example 4: Find the length of the circle of radius r defined parametrically by x =
rcos(t), y=rsin(t), 0<t<2m.

Example 5: Find the length of the astroid = cos®(t), y =sin®(t), 0<t <27,
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Definition: If a smooth curve x = f(t), y = ¢(t), a < t < b is traversed exactly
once as t increases from a to b, then the surface area of the surface of revolution

generated by revolving the curve about the coordinate axes are as follows.

1. Revolution about the z-axis (y > 0):

b dl’ 2 dy 2
S—/a 2”4 () + (G) @

2. Revolution about the y-axis (z > 0):

b dr 2 dy 2
5= [ () 5 (%)

Example 6: The standard parametrisation of the circle of radius 1 centred at the

point (0,2) in the zy-plane is
r=cos(t), y=2+sin(t), 0<t < 2m.

Use this parametrisation to find the surface area of the surface swept out by revolving

the circle about the z-axis.
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