
§ 8.4: Trigonometric Substitution
Common Trig. Substitutions:

Integral contains: Substitution Domain Identity

√
a2 − x2 x = a sin (θ)

[
−π

2 ,
π
2
]

1− sin2 (θ) = cos2 (θ)

√
a2 + x2 x = a tan (θ)

(
−π

2 ,
π
2
)

1 + tan2 (θ) = sec2 (θ)

√
x2 − a2 x = a sec (θ)

[
0, π2

)
sec2 (θ)− 1 = tan2 (θ)

Example 1: Evaluate
ˆ √9− x2

x2 dx.

x = 3 sin (θ)

θ ∈
[
−π2 ,

π

2

]

dx = 3 cos (θ) dθ

=
ˆ √

32 − 32 sin2 (θ)
32 sin2 (θ) · 3 cos (θ) dθ =

ˆ
��3
√

1− sin2 (θ)
��32 sin2 (θ)

· ��3 cos (θ) dθ

=
ˆ √

cos2 (θ)
sin2 (θ) · cos (θ) dθ =

ˆ cos2 (θ)
sin2 (θ) dθ =

ˆ
cot2 (θ) dθ

=
ˆ

csc2 (θ)− 1 dθ = − cot (θ)− θ + C

= −
√

32 − x2

x
− arcsin

(
x

3

)
+ C

How did we recover x?

x = 3 sin (θ) ⇒ x

3 = sin (θ)

adj.

hyp.
opp.

θ

⇒

A

3
x

θ

A2 + x2 = 32

A2 = 32 − x2

A =
√

32 − x2

cot (θ) = 1
tan (θ) = adj.

opp. =
√

32 − x2

x

1
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Example 2: Find
ˆ 1
x2
√
x2 + 4

dx.

x = 2 tan (θ)

θ ∈
(
−π2 ,

π

2

)

dx = 2 sec2 (θ) dθ

u = sin (θ)

du = cos (θ) dθ

ˆ 1
x2
√
x2 + 4

dx =
ˆ 2 sec2 (θ)

22 tan2 (θ)
√

22 tan2 (θ) + 22
dθ

=
ˆ

��2 sec2 (θ)
22 tan2 (θ) ��2

√
tan2 (θ) + 1

dθ

=
ˆ sec2 (θ)

22 tan2 (θ)
√

sec2 (θ)
dθ

=
ˆ sec (θ)

22 tan2 (θ) dθ

= 1
4

ˆ cos (θ)
sin2 (θ) dθ

= 1
4

ˆ 1
u2 du

= −1
4

1
u

+ C

= − 1
4 sin (θ) + C

= −1
4 csc (θ) + C

= −
√
x2 + 4
4x + C

How did we recover x?

x = 2 tan (θ) ⇒ x

2 = tan (θ)

adj.

hyp.
opp.

θ

⇒

2

H
x

θ

H2 = x2 + 22

H =
√
x2 + 4

csc (θ) = 1
sin (θ) = hyp.

opp. =
√
x2 + 4
x
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Example 3: Evaluate
ˆ

x2
√

9− x2 dx.

x = 3 sin (θ)

θ ∈
(
−π2 ,

π

2

)

dx = 3 cos (θ) dθ

=
ˆ 32 sin2 (θ)√

32 − 32 sin2 (θ)
· 3 cos (θ) dθ =

ˆ 32 sin2 (θ)
��3
√

1− sin2 (θ)
· ��3 cos (θ) dθ

=
ˆ 32 sin2 (θ)√

cos2 (θ)
· cos (θ) dθ = 9

ˆ
sin2 (θ) dθ

=9
ˆ 1− cos(2θ)

2 dθ = 9
2

θ − sin(2θ)
2

 + C

=9
2 (θ − sin(θ) cos(θ)) + C

=9
2

arcsin
(
x

3

)
− x

3 ·
√

9− x2

3

 + C

= 9
2 arcsin

(
x

3

)
− x
√

9− x2

2 + C

Example 4: Evaluate
ˆ

dx√
25x2 − 4

, x >
2
5 .

x = 2
5 sec (θ)

θ ∈
(
0, π2

)

dx = 2
5 sec (θ) tan(θ) dθ

ˆ
d x√

25x2 − 4
= 1

5

ˆ
d x√

x2 −
(2

5
)2 = 1

5

ˆ 2
5

sec (θ) tan(θ)
2
5 tan(θ) dθ

=1
5

ˆ
sec(θ) dθ = 1

5 ln | sec(θ) + tan(θ)|+ C

= 1
5 ln

∣∣∣∣5x2 +
√

25x2 − 4
2

∣∣∣∣ + C
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Example 5: Evaluate
ˆ

x√
9− x2 dx.

x = 3 sin (θ)

θ ∈
(
−π2 ,

π

2

)

dx = 3 cos (θ) dθ

ˆ
x√

9− x2 dx =
ˆ 3 sin(θ) · 3 cos(θ)

3 cos(θ) dθ =
ˆ

3 sin(θ) dθ

=− 3 cos(θ) + C = −
√

9− x2 + C

In fact, we can just use u-substitution to solve this example.

u = 9− x2, du = −2x dx
ˆ

x√
9− x2 dx = −1

2

ˆ
u−1/2 du = −u1/2 + C = −

√
9− x2 + C

Example 6: Evaluate
ˆ 2 dx
x3
√
x2 − 1

, x > 1.

x = sec (θ)

θ ∈
(
0, π2

)

dx = sec (θ) tan(θ) dθ

=
ˆ 2 sec(θ) tan(θ)

sec3(θ) tan(θ) dθ

=2
ˆ

cos2(θ) dθ =
ˆ

(1 + cos(2θ)) dθ

=θ + 1
2 sin(2θ) + C

=θ + sin(θ) cos(θ) + C

= sec−1(x) +
√
x2 − 1
x2 + C
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