
§ 8.2: Integration by Parts

If f(x) and g(x) are differentiable functions of x, the product rule says that

d

dx
[f(x)g(x)] = f ′(x)g(x) + f(x)g′(x).

Integrating both sides and rearranging gives us the Integration by Parts formula!
ˆ

d

dx
[f(x)g(x)] dx =

ˆ
f ′(x)g(x) dx +

ˆ
f(x)g′(x) dx

=⇒
ˆ

f(x)g′(x) dx =
ˆ

d

dx
[f(x)g(x)] dx−

ˆ
f ′(x)g(x) dx

=⇒
ˆ

f(x)g′(x) dx = f(x)g(x)−
ˆ

f ′(x)g(x) dx

Let u = f(x) and v = g(x). Then, we obtain the Integration by Parts Formula:
ˆ

u dv = uv −
ˆ

v du.

Example 1: Find
ˆ

x cos(x) dx.

We have to decide what to assign to u and what to assign to dv. Our goal is to make
the integral easier. One thing to bear in mind is that whichever term we let equal u we
need to differentiate - so if differentiating makes a part of the integrand simpler that’s
probably what we want! In this cases differentiating cos(x) gives − sin(x), which is no
easier to deal with. But differentiating x gives 1 which is simpler. So we have,

u = x dv = cos(x) dx

du = dx v = sin(x)

ˆ
x cos(x) dx = x sin(x)−

ˆ
sin(x) dx

= x sin(x) + cos(x) + C
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Example 2: Find
ˆ

ln x dx.

u = ln x dv = dx

du = 1
x

dx v = x

ˆ
ln x dx = x ln x−

ˆ
x · 1

x
dx = x ln x− x + C

Example 3: Evaluate
ˆ

x2ex dx.

u = x2 dv = ex dx

du = 2x dx v = ex

ˆ
x2ex dx = x2ex − 2

ˆ
xex dx.

Sometimes we may have to apply the IBP formula more than once!

u = x dv = ex dx

du = dx v = ex

ˆ
x2ex dx = x2ex − 2

ˆ
xex dx

= x2ex − 2
[
xex −

ˆ
ex dx

]

= x2ex − 2xex + 2ex + C

=
(
x2 − 2x + 2

)
ex + C

The previous technique works for any integral of the form
ˆ

xnemx dx, where n is any
positive integer and m is any integer. What if n was negative? Then we set u = ex.
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Example 4: Find
ˆ

ex cos x dx.

u = ex dv = cos x dx

du = ex dx v = sin x

ˆ
ex cos x dx = ex sin x−

ˆ
ex sin x dx

For the second term as above (i.e., the integral
ˆ

ex sin x dx):

u = ex dv = sin x dx

du = ex dx v = − cos x

ˆ
ex sin x dx = −ex cos x +

ˆ
ex cos x dx

Thus, we have
ˆ

ex cos x dx =ex sin x−
ˆ

ex sin x dx

=ex sin x−
(
−ex cos x +

ˆ
ex cos x dx

)

⇒ 2 ·
ˆ

ex cos x dx =ex sin x + ex cos x + C1

ˆ
ex cos x dx = ex(sin x + cos x)

2 + C

Ex 4∗:
ˆ

ex sin x dx = ex(sin x− cos x)
2 + C
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Example 5 (Reduction formula): Obtain a formula that express the integral
ˆ

cosn x dx

in terms of an integral of a lower power of cos x.

u = cosn−1 x dv = cos x dx

du = (n− 1) cosn−2 x · (− sin x) dx v = sin x

ˆ
cosn x dx = cosn−1 x sin x + (n− 1)

ˆ
sin2 x cosn−2 x dx

Now for the new integral
ˆ

sin2 x cosn−2 x dx, we have

ˆ
sin2 x cosn−2 x dx =

ˆ
(1− cos2 x) cosn−2 x dx

=
ˆ

cosn−2 x dx−
ˆ

cosn x dx

Therefore,
ˆ

cosn x dx = cosn−1 x sin x + (n− 1)
ˆ

sin2 x cosn−2 x dx

= cosn−1 x sin x + (n− 1)
(ˆ

cosn−2 x dx−
ˆ

cosn x dx

)

n

ˆ
cosn x dx = cosn−1 x sin x + (n− 1)

ˆ
cosn−2 x dx

⇒
ˆ

cosn x dx = cosn−1 x sin x

n
+ n− 1

n

ˆ
cosn−2 x dx

For n = 3, we have
ˆ

cos3 x dx = cos2 x sin x

3 + 2
3

ˆ
cos x dx = cos2 x sin x

3 + 2
3 sin x+C.

Ex 5∗ (Reduction formula):
ˆ

sinn x dx = − sinn−1 x cos x

n
+ n− 1

n

ˆ
sinn−2 x dx
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Integration by Parts for Definite Integrals:
ˆ b

a

f(x)g′(x) dx = f(x)g(x)
∣∣∣∣b
a
−
ˆ b

a

f ′(x)g(x) dx.

Example 6 (Integration by Parts for Definite Integrals): Find the area of the
region bounded by the curve y = xe−x and the x-axis from x = 0 to x = 4.

4

A =
ˆ 4

0
xe−x dx

u = x dv = e−x dx

du = dx v = −e−x

ˆ 4

0
xe−x dx = −xe−x

∣∣∣∣∣∣∣
4

0

−
ˆ 4

0
−e−x dx

= −xe−x

∣∣∣∣∣∣∣
4

0

+
ˆ 4

0
e−x dx

=
(
−4e−4 − 0

)
− e−x

∣∣∣∣∣∣∣
4

0

= −4e−4 −
(
e−4 − 1

)
= −5e−4 + 1
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